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We demonstrate a generalization of relativistic quantum mechanics using eight-
component value “octons” that generate an associative noncommutative spatial
algebra. It is shown that the octonic second-order equation for the eight-component
octonic wave function, obtained from the Einstein relation for energy and momen-
tum, describes particles with spin 1/2. It is established that the octonic wave func-
tion of a particle in the state with defined spin projection has a specific spatial
structure that takes the form of an octonic oscillator with two spatial polarizations:
longitudinal linear and transverse circular. © 2009 American Institute of
Physics. [DOL: 10.1063/1.3058644]

I. INTRODUCTION

Multicomponent hypernumberslf5 are widely used in relativistic mechanics, electrodynamics,
quantum mechanics, and quantum field theory.6724 For instance, the structure of four-component
quaternions adequately conforms to the four-dimensional character of space-time and enables the
development quaternionic generalizations of quantum mechanics,”™'? where particles are described
by four-component wave functions consisting of scalar and vector parts. However, quaternionic
wave functions have no pseudoscalar and pseudovector properties and are transformed incorrectly
with respect to spatial inversion. Therefore it seems that eight-component values including scalar,
pseudoscalar, vector, and pseudovector components are more appropriate for the description of
relativistic quantum systems.

However, attempts to describe relativistic particles by means of different eight-component
hypernumbers such as biquaternions,s’ls’16 octonions,'” ' and multivectors generating associative
Clifford algebraszz_24 have not made appreciable progress. For example, the few attempts to
describe relativistic particles by means of octonion wave functions are confronted by difficulties
connected with octonions nonassociaxtivity.19 Moreover all systems of hypercomplex numbers,
which have been applied up to now for the generalization of quantum mechanics (quaternions,
biquaternions, octonions, and multivectors), are the objects of hypercomplex space and do not
have any consistent space-geometric interpretation.

Recently we proposed eight-component value “octons” generating a closed noncommutative
associative algebra and having a clear well-defined geometric interpretation. From the geometrical
point of view an octon is the object of the real three-dimensional space. It is the sum of a scalar,
pseudoscalar, vector, and pseudovector. In Ref. 25 octons were successfully applied to the descrip-
tion of the classical electromagnetic field. In this paper we propose the generalization of relativ-
istic quantum mechanics using octonic equations for eight-component octonic wave functions.

Il. ALGEBRA OF OCTONS

To begin with we will briefly review the basic properties of octons. The eight-component
octon G is defined in the form
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TABLE I. The rules of multiplication and commutation for the octon’s unit vectors.

€ € €3 a9 a; a a3
[ 1 iez —ie, a; a, iag —iay
e, —iey 1 ieq a, —iag a, ia;
ez ie, —ieq 1 a; ia, —iay a,
a, a; a, a3 1 e; e, e
a; a, iay —ia, e; 1 iez —ie,
a, —iag a, ia; e, —ie; 1 ie,
ag ia, —iay a, e ie, —ie; 1

é =Cp€yt+ C1€1+ ey + C3e3+ doao + dlal + d2a2 + d3a3,
where ey=1, values e, e,, €3 are axial unit vectors (pseudovectors), a, is the pseudoscalar unit,
and a;, a,, a3 are polar unit vectors. The octon’s components ¢, and d,, (n=0,1,2,3) are numbers
(complex, in general). Thus the octon is the sum of a scalar, pseudovector, pseudoscalar, and
vector. The values a;, a,, a3 and e, e,, e; are the polar and axial bases of the octon, respectively.
The algebra of octons was discussed in detail in Ref. 25. Here we briefly recall the basic com-
mutation and multiplication rules, which are represented in the Table I.
In Table I and below the value i is the imaginary unit.

lll. OCTONIC WAVE FUNCTION AND SPATIAL OPERATORS

Let us consider the wave function of a relativistic particle in the form of an eight-component
octon,

U=@o+ e+ g5 + P33+ o9 + X121 + X225 + X323. (1)

The components ¢,(7,1) and x,(7,t) (@=0,1,2,3) are scalar (complex, in general) functions
of spatial coordinates and time. The octonic wave function (1) can be also written in the compact
form,

=@o+ @+ Xo+ X
where the pseudovector part is indicated by a double arrow “«,” the pseudoscalar part by a wave
“~.” and the vector part by an arrow “—.” The Lorentz transform of the octonic wave function is
represented in Appendix A.
The wave function of a free particle should satisfy an equation, which is obtained from the
Einstein relation between particle energy and momentum,

E2 = p2c? = m¥ct
by substituting the classical momentum p and energy E by the corresponding quantum-mechanical
operators p=—iAV and E=ifid/or. This equation has the following form:

2.2
(li A)Jc—”” v, 2)

Eor h?

Here c is the velocity of light, m is the mass of the particle, and 7 is the Plank constant. In contrast
to the scalar Klein—Gordon equation26 the expression (2) is the octonic equation since it is written
for the octonic function. It is clear that each of the J/ components satisfies the scalar Klein—Gordon
equation.

The operator in the left part of Eq. (2) can be represented as the product of two operators,
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19 =\[1d =-\. m2c? .
V)V i 3)

cot

Here we assume that the octonic wave function (Z is twice continuously differentiable, so

[6 X 6](]1:0. [The operations of vector [ X] and scalar (-) octonic multiplication were considered
in Ref. 25.] Equation (3) can be written in the expanded form,

19 4 a d )(1(7 d d J )u m*c? . .
————a;—-—a,—-—az|| ——+—a;+—a,+—a nt)=———(r,1). (4)

(c&t ax, ! (?le o'?x33 cdt  dx; ! &xzz X3 3) h? W
Note that unit vectors ay, a,, a3 in the left part of Eq. (4) transform the spatial structure of the
wave function by means of octonic multiplication. In this sense they can be treated as spatial
operators 4y, 4,, 43, which transform the octon of the wave function. For example, the action of

the operator 4; can be represented as octonic multiplication of the unit vector a; and octon 17/,

Agf=a;f= x| + Xo€1 — iX3€2 + X263+ @189 + Qpa; — ipzay +ipraz. (5)

Further we will use symbolic designations 4;, 4,, 45 in the operator part of equations but a;, a,, a3
designations in wave functions. Then Eq. (4) can be rewritten in the operator form,

19 4 a J )(1& J J J )U mc? .

—— -4, - —a4,-—az|| ——+—4,+ —a,+—a F) == —i(r,1).
(C&t x| ! &xzz c7x33 cdt  dx ! 07x22 Ix3 3) ¥ h? W

On the other hand expression (5) can be represented in equivalent matrix form as the action of the

matrix operator 4; on the eight-component column of the wave function, so 4; can be written as

the 8 X 8 matrix,

@ Y1 0000010 0
? Yo 000 0 100
® —ixs 0000 000 —i
| o ixa ~looo o0 o00i o0
a; = =a=
Yo @ 0100000 0
Y1 @ 1000 000 O
Y —ig, 000 -i000 0
X i¢, 00i 0 000 O

The matrix representations for the rest octonic operators 4,, dz, 4, €;, €,, €3 are given in the
Appendix B. Further we will use the vector designation for the operators of the octon’s basis since
it is more compact.

IV. EIGENVALUES AND EIGENFUNCTIONS OF OCTONIC SPATIAL OPERATORS

Let us consider the eigenvalues and eigenfunctions of spatial operators used as an example the
operator €3, which will be used below for the description of the particle in a homogeneous
magnetic field. The equation for the eigenvalues and eigenfunctions in this case has the following
form:

Performing octonic multiplication in the left part of (6) and equating components, we obtain the
system of eight scalar equations, which is equivalent to the following system:

N=1,
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3=\,
P =iy, (7)
X3=MNXo,

X2 =INX-

The first equation in (7) shows that A= * 1. For each eigenvalue \ there is a four-dimensional
subspace of eigenfunctions. Taking into account (7) we can choose the set of functions

(1 +e3),(eq +iey),(ag + a3),(ag + iay) (8)

as the basis of the subspace corresponding to eigenvalue A=+1 and set of functions

(1 —e3),(e; —iey),(ag — a3),(a; — ia,) 9)

as the basis of the subspace corresponding to A=—1. Then arbitrary eigenfunctions of the operator
€3 corresponding to A= %1 can be represented in the form of linear combinations of the basis
functions (8) or (9),

Jnoi = FOED( + e3) + FSO(F 1) (e + iey) + FU(F.0) (a9 + a3) + FU(F.0)(ag +iay),  (10)

ey = FUVGED(1 = e3) + FS V(7o) (e — iey) + FS V(7 0)(ag — a3) + F V(R 0) (ag — iay),
(11)

where Fg‘)()f,t) are arbitrary scalar functions of space coordinates and time (a=1,2,3,4; \
=*1).

It is obvious that eigenvalues and eigenfunctions of the operator €; could also be obtained
using the matrix representation.

The eigenfunctions of other octonic spatial operators are shown in Appendix C.

V. OCTONIC EQUATION FOR A RELATIVISTIC PARTICLE IN AN EXTERNAL
ELECTROMAGNETIC FIELD

To describe a particle in an external electromagnetic field the following change in quantum-
mechanical operators in equations should be made:°

A oA s A €=
E—E-e®d, p—p--A, (12)
c

where ® and A are scalar and vector potentials of the electromagnetic field and e is the particle
charge (e <O for the electron). The change (12) is equivalent to the following change in differen-
tial operators:

J Jd e - - e -
———+—®, V-V-—A. 13
a otk - fic (13)
Using substitution (13), Eq. (3) can be written as
(li+i—eqb €+Eg>(li+iﬁ®+€ EK);A— mzczzl (14)
cit h fic cdt he hc CORE

The multiplication of octonic operators in the left part of (14) leads to the following equation:
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1 (92 216( CID&) m2c? &> . e ev e -o
-A+ A-V)+—— ——(A?-®?) |- —Hy+ —E=0. (15
[ 2P A-V)+ oo )+ T * paal V| g+ BV (15)

Here we have taken into account that E =—€®—(1 / c)(ﬁg / dt) is the vector of the electric field and
H :—i[€ XA)] is the pseudovector of the magnetic field. (6-/()+(1/ ¢)(dd/dt)=0 in the Lorentz
gauge. The scalar (6 X) and vector [6 Xf{] octonic products were considered in Ref. 25. Note that
the octonic equation (15) encloses the specific terms (e/ﬁc)ﬁ 1Z and (ie/ ﬁc)ﬁ 170, where the fields £
and H play the role of spatial octonic operators.

VI. OCTONIC EQUATION FOR A NONRELATIVISTIC PARTICLE IN AN EXTERNAL
ELECTROMAGNETIC FIELD

The nonrelativistic octonic equation for a particle in an electromagnetic field can be obtained
directly from the Schrodinger equation. The octonic Hamiltonian for the free particle has the form

=-—A. (16)

The octonic equation for the octonic wave function corresponding to Hamiltonian (16) can be
written in the following form:

In the absence of an electromagnetic field this equation is equivalent to eight scalar Schrodinger
equations (one for each component of the octonic wave function).
To describe a particle in an electromagnetic field the quantum-mechanical operators should be

changed as follows: Hy— H=H,+e®, 6%6—(1’6/%)5. In this case we obtain
R h2 R oo 2
H=——<V—£A> +ed. (17)

Multiplying the octonic operators in (17) we get

N #? i 2 he <
H=- A+ 5(V. A)+—(A V)b —— A%t e — ——H. (18)
2m 2mc 2mc 2mc

Thus the nonstationary octonic equation for a nonrelativistic particle in an electromagnetic
field can be written as

In a stationary state with energy E the wave function satisfies the following equation:

+ eDi— h—Hzp Ei. (19)

h? ihe
——Aw —(V A)¢+—(A V)

Note that the last term —(fie/2mc)H in the Hamiltonian (18) is a pseudovector operator, which
transforms the spatial structure of the octonic wave function.

VIl. NONRELATIVISTIC PARTICLE IN HOMOGENEOUS MAGNETIC FIELD

Let us find the stationary state of a particle in a homogeneous magnetic field. Let the
pseudovector of the magnetic field intensity be directed along the Z axis in the XYZ basis,
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ﬁ = Be3.
We select the vector potential in the gauge (6'5)=0,

A-) =Ayaz = B)Caz.
Then the Eq. (19) can be written in the following form:
h? ihe &z,/f

2 . ﬁ . .
— AP B B =% Béyii=Ei. (20)
mc dy 2mc 2mc

Note that operators p,=—ifid/dy and p,=—ifd/dz commute with Hamiltonian (18), and all of
them have common eigenfunctions. Therefore we will search for a solution of Eq. (20) in the
following form:

M) = W)eM ), @1

where p, and p, are the motion integrals. Substituting (21) into (20), we get

w»F o p; ep, e he
— Py : P _Prp, 5B 2——Be3 W=EW. (22)
2m ox* 2m  2m mc 2mc? 2mce

Note that Hamiltonian (18) commutes also with the octonic pseudovector operator €3, so the
solutions of Eq. (20) are also eigenfunctions of the operator €;. This means that in this task there
is another quantum number X\ (eigenvalue of the operator €;), which takes on the values A== 1.
Therefore we will search for a solution of Eq. (22) in the form of eigenfunctions of the operator
é; [see (10) and (11)],

W=FMN) (1 +\e3) + FV(x)(eg + Niey) + F)(x) (ag + Naz) + FV(x)(ag + Niay).  (23)

Then the operator in the left part of (22) is scalar, and the equation can be written as

ﬁ2 &ZW 2 e’ . he . o
+ Pwg pz Loy Prpey s sB**W - —BA\W=EW. (24)
2m x> 2m 2m mc 2mc 2mc

In fact, Eq. (24) is the system of four identical scalar equatlons for the functions F, ) (x), where
a=1,2,3,4 [see (23)]. For the fixed )\ the functions F (x) can differ only by a constant
The equation for each function F (x) has the followmg form:

K2 82F()‘ 2 2 e e fe
ey Popwy Pep Pappny Cprapt € gy p) Z pE - (25)
2m &x 2m 2m mc 2mc 2mc

After algebraic transformations Eq. (25) can be represented in the form

FFN  2m 2 he m( eB\? cpy \?
N g e I PO 2 I Y2 (26)
ax h 2m  2mc 2 \mc eB
On the basis of Eq. (26) we obtain the expression for the energy spectrum of a nonrelativistic
particle in a homogeneous magnetic field,

2

file|B 1 f

Emzp—z+L<n+—>—)\—eB. 27)
T 2m mc 2 2mc

This set of energies is absolutely identical to the energy spectrum obtained from the nonrelativistic
Pauli equation.27 Thus the octonic equation (19) enables the description of the spin interaction
with the magnetic field.
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VIIl. RELATIVISTIC PARTICLE IN A HOMOGENEOUS MAGNETIC FIELD

Let us consider a relativistic particle in an external magnetic field directed along the Z axis,

ﬁ =Bej3, A—) =A,a,=Bxa,, and assume the condition (€~f§):0. Then the octonic equation for a
relativistic particle (15) in the XYZ basis can be written as

1&2(11 v+%B (9—1’7,+m22 +—ZB iIiIN—O
c? o he x&y ﬁzw h2c? d/ hc ¥=0.

For the stationary state with the energy E we get

2ie 9 mic? &2 Er .

~A+—Bx—+ + B2 - B, | = 28

fic oy T R TR ] i (28)
This equation can be considered as the equation for the eigenvalues and eigenfunctions of the
complicated operator placed in the left part. Since this operator commutes with operators p, and
p., all of them have the general system of eigenfunctions. Therefore we will search for a solution
of (28) in the form

IZ= W(x) el pyyp:2) (29)
where p, and p, are the motion integrals. Substituting (29) into (28) we get

2 2 2.2 2 2
p, p. & 2ep, mc* & L, e |. E* .

2 Shpg + ——B%2— —Béy |W=——W. 30
2R axr Rk R he #2c2 (30)

Note that operator in the left part of (30) commutes also with €3, so we can search for a solution
as the eigenfunctions of the operator €5 (10) and (11),

W=FN) (1 +Nez) + FV(x)(eg + hiey) + F)(x) (ag + Naz) + FV(x)(a, + Nia).

So we get scalar equations for the functions F ;)‘)(x) (where a=1,2,3,4),

() m2c? 2
Pyoon, Pepoy_ PFa 26y o ™, 22500 _ o~ £
—F, ﬁ;F 2 2 BFa + 7 Fa ﬁz 2B XFy = = BAFO =21k -
€2V
After some algebraic transformations Eq. (31) can be represented as
(\ 2
&zFa)+ (E_Z_&_mZCZ )\eB>—<é)2(x—cp ) FN 2o,
ax* 2 hr R? fic fic eB
Then the energy spectrum is defined by the following expression:
E.y =m*c* + pc® +|e|Bhc(2n + 1) — NeBhic. (32)

This set of energies is absolutely identical to the energy spectrum obtained from the relativistic
second-order equation following from the Dirac equation.% Note that in the nonrelativistic limit
the energy levels (32) are transformed to (27) for the levels counted out of the rest energy.

If the wave function is the eigenfunction of the operator €;, then some general statements
about the spatial structure of the wave function can be made. In the stationary state with energy £
the wave function can be represented in the following form:

W71 = g, (33)

where w=FE/h. If the eigenvalue of the operator €5 is defined, the spatial part of the wave function
can be written as the linear combination,
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'»Z(;) =F,(r)(1 + \e3) + F5(r)(eg + Niey) + F5(r)(ag + Nag) + Fy(r)(ag + Niay). (34)

The wave function (33) with spatial part (34) has a simple geometrical image. The real and
imaginary parts of the component (1+\e;)e™®" are a combination of a pseudovector directed
parallel to the Z axis and a scalar oscillating with the frequency w. Here the phase difference
between oscillations of scalar and pseudovector parts equals O in case of A=1 or 7 in case of A
=—1. The real and imaginary parts of the component (a, +\ia,)e" have the form of polar vectors
rotating in the plane perpendicular to the Z axis also with the frequency w. The direction of the
rotation depends on the sign of A. When A=+1 a vector of angular velocity is directed along the
Z axis but when A=—1 this vector has the opposite direction. The rest of the components of the
wave function (34) have a similar interpretation.

Thus in octonic quantum mechanics the wave function of the particle with definite spin
projection has the space-time structure of the octonic oscillator (33) and (34) with longitudinal
linear and transverse circular spatial polarizations.

IX. DISCUSSION

One of the starting points for constructing the relativistic quantum theory is the Einstein
relation between energy and momentum of the particle, which is written as
E? =A52c2 +m?ct.

In relativistic quantum mechanics this relation is written as the operator equation for the wave
function

(E% = P2 = m>c*y. (35)

This equation contains the scalar operator pi= ﬁf+ [3%+ ﬁf The form of the operator p, in general,

is ambiguous. Equation (35) can be realized by means of different operators and wave functions.
For example, choosing a scalar wave function and the operator 13 represented by Gibbs unit vectors

-

is ,;’ ka

s AT AT AT

P=Dxi+pyj+pk,
we can obtain the well known Klein—Gordon equation describing spinless particles. Moreover one
can consider the following matrix expression for the P operator:

P = PO+ PyGy+ .6,
where 7, Ay, 0, are some matrices. For example, the Pauli matrices or the Dirac matrices can be
used as &, (s={x,y,z}). It is only necessary that these matrices anticommute and that of:l to
obtain ﬁ2:ﬁ2+ﬁ$+ﬁf. There are also other approaches to the operator ﬁ representation by
quaternions.'™'®
From this point of view it is not surprising that the proposed octonic wave function and
octonic momentum operator in the form

e A A A
p=p,ar+pyas+p.a; (36)
also realize the right representation of Eq. (35). However, we emphasize that octonic representa-

tion of the operator p (36) is distinguished since it allows the conservation of the vector interpre-

tation of ﬁ and ensures the correct space transformation properties.
In octonic algebra the classical Einstein relation for the particle in an electromagnetic field can
be represented in the form

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



012302-9 Octonic relativistic quantum mechanics J. Math. Phys. 50, 012302 (2009)

(E—-e® +ﬁc—ef{)(E—e<I>—ﬁA+e/{):mzc4. 37)

Performing octonic multiplication in the left part of (37) and gathering terms, we get

E? = 2¢DE + *®% — p*c? + 2ec(p - A) — A% = m2c*

or

2
(E—efl))z—(ﬁ—gA> ?=m?c*. (38)
¢

Thus octonic relations (37) and (38) in classical relativistic mechanics are absolutely equivalent.
Note that these relations are as valid in octon’s algebra as in Gibbs vectors algebra.

However, in quantum mechanics the situation is cardinally changed. The octonic operator
equation obtained from (37) can be represented as

(E - e® +ﬁc—e/§)(£7—ecl)—ﬁc+ef§)<2/=m2c4l,vb, (39)

but the equation obtained from (38) can be written as

2
((E—eq))z— (5_5;) Cz)lz=m2C4lZ. (40)

Equations (39) and (40) are essentially nonequivalent. In fact, Eq. (39) after octonic multiplication
leads us to (15) but Eq. (40) leads us to the following one:

A 1 & 2ie<»» <I)(9> m*c* e 2o i e .

- +czo"t2+ fic @+ c dt i h? +ﬁ202(A et thl/l_O'

This expression differs from (15) by the absence of the term describing the interaction of the
particle with the electric field. Therefore the representation of the Einstein relation in the form (37)
is more adequate than (38) from the point of view of the description of the particle in the
electromagnetic field.

Consequently in octonic quantum mechanics the second-order equation correctly describing
the interaction of spin with the electromagnetic field is obtained directly from the Einstein relation
in contrast to the Dirac theory where the first-order equation is used to obtain this equation.

Also the algebra of octons enables the derivation of the nonrelativistic equation, which cor-
rectly describes interaction of spin with a magnetic field, directly from the Schrédinger equation.
Indeed the Schrodinger Hamiltonian contains the operator p?, which is modified in the presence of
magnetic field by

a a e - 2
p2~> (p—zA) . (41)

The octonic multiplication of operators in (41) leads to the appearance of the term, which
corresponds to the interaction of spin with the magnetic field [see (18)]. In the Pauli theory the
equation analogous to (19) is postulated. Accordingly the application of the octon’s algebra leads
to the adequate description of relativistic and nonrelativistic quantum particles in an external
electromagnetic field. In octonic quantum mechanics a concept of spin is closely connected with
spatial properties of octonic operators and octonic wave functions. In the state with definite spin
projection the wave function has a complicated space-time structure in which vector and
pseudovector components perform either spatial oscillations along the Z direction in the case of
longitudinal polarization or rotations in the perpendicular plane in the case of transverse polariza-
tion of the octonic oscillator.
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X. CONCLUSION

In this paper we proposed a scheme for constructing relativistic quantum mechanics using
octonic spatial operators and octonic wave functions. It was shown that the octonic second-order
equation, corresponding to the Einstein relation between energy and momentum, correctly de-
scribes the interaction between spin and the electromagnetic field. It is established that the octonic
wave function of a particle in the state with defined spin projection has the specific space-time
structure in the form of an octonic oscillator with two spatial polarizations: longitudinal linear and
transverse circular.
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APPENDIX A: LORENTZ TRANSFORMATION OF THE OCTONIC WAVE FUNCTION

The Lorentz transformation of the octonic wave function 1Z is given by the octon

S=ch(u/2) — sh(u/2)n, (A1)
where th u=v/c, v is the velocity of motion along the unit vector n. The transformed function 1,7/’
is defined by the octonic product
@' =Sys. (A2)
The transformed function zZ’ can be written on the basis of (A1) and (A2) as
@ =[ch(u/2) = sh(u/2)il(@y + & + Xo + X)[ch(u/2) — sh(u/2)7]
=gychu+y—g@pishu—(n-y)shu—(1-chu)@- x)n+xochu+@—xon shu

—(n-@)shu-(1—=chu)m- o).

The components of transformed octonic function have the following structure:
®4=@ychu—(n-x)shu,
Xo=Xochu—(n-¢)shu,
X'=X— @ shu—(1-chu)n-xn,

¢ =¢-Xishu—(1-chu)im-@n.

It is seen that scalar ¢, and pseudoscalar )|, parts of the octonic wave function are transformed as
the timelike components. The longitudinal (relative to the direction 77) components of the octonic
wave function @, and y; are transformed as coordinates while transverse components ¢, and x|
are not transformed.
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APPENDIX B: MATRIX FORM FOR OPERATORS OF OCTONIC BASIS

The operators of octonic basis can be represented in the following matrix form [see (10)]:
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TABLE II. The simplest eigenfunctions of spatial octonic operators.
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APPENDIX C: THE SIMPLEST EIGENFUNCTIONS OF OCTONIC OPERATORS

All operators of octonic basis have two eigenvalues A= = 1, which are fourthly degenerate.
The simplest eigenfunctions are represented in the Table II.
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