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We propose a new approach to the problem of obtaining coherent radiation from systems with a
great number of Josephson junctions, which is based on the concept of traveling-wave antennas.
The traveling wave in a line ensures identity of the electrodynamic conditions, under which
the junctions operate, whereas the energy leakage to radiation in the lateral direction prevents
saturation of the nonlinearity of the individual junctions having a small dynamic range. Simple
analytical models, which demonstrate feasibility of the traveling-wave regime, are considered. A
code for direct numerical simulation of Josephson microchips including microantennas, lumped
elements, and power supply circuits have been developed. Using the direct numerical simulation,
a version of the Josephson antenna, which is similar to the simplest single-wire antenna, is
studied and the possibility to realize the traveling-wave regime is demonstrated.

1.

INTRODUCTION

The idea of using the Josephson eﬀect for generation of high-frequency electromagnetc radiation has
attracted attention of scientists since the time of the discovery of this eﬀect in 1962 [1]. When the voltage V
is applied across the Josephson junction, which is a tunnel transition between superconductors, the junction
generates an ac supercurrent with the frequency ω determined by the so-called Josephson relation ω = 2eV ,
where  is Planck’s constant and e is the elementary charge. A frequency of 0.486 THz corresponds to
a voltage of 1 mV. By varying the voltage, one can vary the oscillation frequency smoothly up to the
limiting frequency determined by the energy gap of the superconducting material, which the Josephson
junction is made of. For niobium-based junctions, the limiting frequency is about 700 GHz, for those
made of NbN, about 1.3 THz, and for internal Josephson junctions in layered high-temperature BiSrCaCuO
superconductors, it is about 10 THz. Thus, the Josephson junction is a small-size, tunable source of terahertz
waves, which is of utmost importance for possible applications in spectroscopy, atmosphere monitoring, and
radio imaging.
However, the radiated power of an individual Josephson junction is very low due both to the small
value of the ac component of the supercurrent, which is about 0.1 mA/μm2 , and a great mismatch between
the junction impedance and the free-space impedance being Z0 = 120π Ω. An evident way to increase
the radiated power and achieve good matching is related to the use of one- or two-dimensional arrays of
lumped Josephson junctions and ensurance of the coherence of contributions from individual junctions. The
second way is related to the use of large-size distributed Josephson junctions. Surely, both methods can
be used in combination. A certain success has been achieved in this context, namely, generation in the
frequency range 0.1–0.5 THz with a power of up to 1 μW inside the chip, which is, in principle, suﬃcient
for the applications, is described in [2–5]. The most successful development was that of oscillator based
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on the motion of Josephson vortices in the distributed Josephson junctions. Currently, they ﬁnd practical
application as local oscillators for pumping of superconducting mixers [6]. A brilliant result reviving the
interest in Josephson oscillators, which had burned out in some degree by the beginning of the XXIst century,
was the discovery of microwave radiation in the terahertz range from mesostructures containing about a
thousand of Josephson junctions based on a high-temperature BiSrCCuO superconductor with the internal
Josephson eﬀect [7]. The characteristics and mechanism of this radiation are intensely studied at present,
and the state-of-the-art is described in review work [8]. Josephson oscillators based on planar arrays of
small-size low-temperature junctions are also actively developed. Recently, the possibility of using such
sources in practice as local oscillators of quasioptical receivers has been demonstrated in [9].
Despite signiﬁcant progress, the ﬁeld of applications of Josephson oscillators is still very narrow. In
order to win a competition with semiconductor devices, such as terahertz quantum cascade lasers, the power
of such oscillators should be increased signiﬁcantly, up to, e.g., the level of several milliwatts. This requires
making up systems which contain about 104 –105 Josephson junctions. At a current integration level, such
a microchip will have a dimension of about 1 cm, which corresponds to approximately 30 wavelengths λ of
the terahertz range, for which λ ≈ 300 μm. For such dimensions, the dynamics of the Josephson systems is
inﬂuenced signiﬁcantly by the eﬀects of delay and radiation to free space. From the engineering viewpoint,
the Josephson lines are usually planar structures, whereas the Josephson junctions, power circuits, and
electrodynamic environment are located on the surface of a dielectric substrate. They can be single-wire, or
multi-wire, strip, slot, or coplanar lines with built-in Josephson junctions.
In this work, we consider such large-size Josephson systems and present their theoretical description
and computer simulation. We demonstrate that in some classes of such systems, traveling-wave regimes
are possible, under which all Josephson junctions are under identical electrodynamic conditions and make
coherent contributions to the radiation ﬁeld. Such systems, which will be called active Josephson travelingwave antennas, are scalable, i.e., in the case of optimal matching, the intensity of their radiation increases
in proportion to the size of the system or the number of the Josephson junctions. An important component,
which ensures coherence of the contributions made by a great number of junctions, is the lateral energy
leakage from the transmission line (vertical radiation output), which prevents saturation of the nonlinearity
of individual junctions with narrow dynamic ranges. Such systems can be used as a basis for Josephson
oscillators producing power levels suﬃcient for practical applications. In this work, we develop the theory of
open Josephson traveling-wave lines and ﬁnd the conditions for existence and stability of such regimes. To
study the nonlinear dynamics of active Josephson antennas, a numerical simulation code has been developed,
which is based on the Finite Diﬀerence Time Domain (FDTD) method and a self-consistent solution of the
nonlinear equations which describe the Josephson junctions. The results of simulation of some variants of
Josephson traveling-wave antennas are presented.
The paper is organized as follows. First, we consider a simple model of the Josephson linear antenna,
derive the basic equations describing its nonlinear dynamics, ﬁnd their solutions in the form of traveling
waves, and study their stability. Then we describe the scheme of numerical simulation of the dynamics of
the Josephson antennas and present the results of simulation for a simple model which is the Josephson
analog of the Beverage antenna [10]. Radiation patterns of these antennas are presented, which conﬁrm the
realization of the traveling-wave regime and a suﬃciently high eﬃciency of the radiation.
2.

BASIC EQUATIONS

As an example, consider a one-dimensional chain of junctions connected in series in the common
power circuit and placed in an open transmission line connected with free space in such a way that the
junctions interact with each other electrodynamically through their quasistatic ﬁelds and radiation ﬁelds.
This line is shown schematically in Fig. 1. In contrast to [11, 12], where the transmission line was modeled
merely by ﬁnite impedances over a period, we regard here the periodic line as a distributed object, where
the impedance of the elementary cell depends explicitly on the length and design features of the cell, such
as the presence of inhomogeneities, inductive short-circuits, and lateral stubs acting as antennas.
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Fig. 1. Josephson junctions (shown by crosses) placed in a homogeneous line and forming a periodic structure.
The arrows shows schematically the waves traveling in the line and radiating to free space. The dashed lines
separating the neighboring periods mark the points of joining the current and the voltage in the line.
The equations for the complex amplitudes of the currents and voltages on the nth line period at a
ﬁxed frequency ω are expressed in terms of the amplitudes of the waves traveling to the right and to the
left, and have the form
In = bn exp(ikx) + cn exp(−ikx),

Un = zw [bn exp(ikx) − cn exp(−ikx)] + Un,J .

(1)

Here, In and Un are the amplitudes of the current and voltage in the line, respectively, bn and cn are the
amplitudes of the waves traveling to the left and to the right, respectively, zw is the wave impedance of the
line, Un,J is the complex amplitude of the voltage across the Josephson junction, and the wave number is
determined by the relation k = (ω + iν)/v, where ω is the frequency, v is the velocity of wave propagation in
the line, and the imaginary part of the wave number, which is determined by the parameter ν, simulates the
loss for dissipation in the line and radiation to free space. The relation between the temporal and spectral
representations (the functions f (t) and f (ω), respectively) is determined in the standard manner:
+∞

f (t) exp(iωt) dt,
f (ω) =
−∞

+∞

f (t) =
f (ω) exp(−iωt) dω/(2π),

Imω > 0.

−∞

The Josephson junctions included in the line will be regarded as lumped and described using a simple
resistive shunt model, which is applicable at relatively low frequencies [11]. The equations of this model in
the time representation have a simple form,
Φ0 ∂ϕn
Φ0 C ∂ 2 ϕn
+
+ Ic sin ϕn = In ,
2π ∂t2
2πR ∂t

(2)

where ϕn is the Josephson phase diﬀerence of phases at the nth junction, Φ0 = π/e = 2 · 10−15 V·s is
the ﬂux quantum, C, R, Ic are the capacitance, resistance, and critical current of individual junctions,
respectively, and In (t) is the current through the nth contact, which includes the dc bias current and the ac
current in the line. The voltage at the contact is determined by the Josephson relation
Un (t) =

Φ0 ∂ϕ
,
2π ∂t

where 2π/Φ0 = 0.486 THz/mV. For the sake of simplicity, we will assume that the parameters of all
Josephson junctions are identical. It is convenient to pass over to the dimensionless variables, adopting Ic
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as a unit of current, RIc as a unit of voltage, and Ω−1 = 2πRIc /Φ0 as a unit of time. In these variables,
Eq. (2) takes the form
β ϕ̈n + ϕ̇n + sin ϕn = In ,
(3)
where the dots denote the time derivatives and β is the McCumber parameter determined by the relationship
β = ΩRC. In these variables, the voltage is Un = ϕ̇n , and all impedances are measured in junction’s
resistances. The solution of the equations for the Josephson junctions will be found using the method of
separation of fast and slow variables [11]. We will seek solutions in the form ϕn = ωJ t + θn + ψn , where
the quantity ψn describes small high-frequency oscillations of the phase, θn is not a small, but slow phase
variable, and ωJ is the frequency of the Josephson oscillations. Substituting these formulas into Eq. (2) for
the Josephson phases, we obtain an equation for the unperturbed Josephson frequency ωJ = I, where I is
the bias current being common for all the contacts, the equation
β ψ̈n + ψ̇n = In − sin(ωJ t + θn )

(4)

for the high-frequency components, and the equations
β θ̈n + θ̇n + ψn cos(ωJ t + θn ) = 0,

(5)

for the slow phases, where the overbar denotes time averaging. Equation (4) is conveniently rewritten in
complex form by introducing the complex amplitude Ψ such that ψ = Re[Ψ exp(−iωJ t)]. Then, Eqs. (4) and
(1) for the complex amplitudes of the Josephson phases and the traveling waves in the line, respectively,
take the form
bn exp(ikJ d) + cn exp −(ikJ d) = bn+1 + cn+1 ,
iωJ Ψn
= bn+1 − cn+1 ,
bn exp(ikJ d) − cn exp −(ikJ d) −
zw
−(βωJ2 + iωJ )Ψn = −iχn + [bn exp(ikJ d) + cn exp(ikJ d)],

(6)

where we introduced the notation χn = exp(−iθn ), d is the length of the elementary cell of the line (see
Fig. 1), and kJ is the wave number corresponding to the frequency of the Josephson oscillations. Equation (5)
for the slow motions is rewritten in the form
1
β θ̈n + θ̇n + Re(Ψn χ∗n ) = 0,
2

(7)

where the asterisk denotes complex conjugation. Equation (4) for high-frequency components of the Josephson phase and Eqs. (1) for the currents and voltages in the line are linear. They can be solved using the
Fourier transform technique. The transforms will be determined either for a system with periodic boundary
condition or for the inﬁnite system as
A(q) =

N
−1


An exp(−iqn),

+∞


A(q) =

An exp(−iqn),

n=−∞

n=0

with the corresponding inversion formulas. For the periodic and inﬁnite systems, we will have, respectively,



N −1 
1 
2πm
2πm
exp i
n ,
A q=
An =
N m=0
N
N
π

An =

A(q) exp(iqn)
−π

dq
,
2π
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where the function A(q) is understood as either of the functions b(q), c(q), ψ(q), and χ(q) which are the
Fourier transforms of bn , cn , ψn , and χn (i.e., An ), respectively, and N is the number of Josephson junctions.
The equations for the high-frequency components are solved easily in terms of the Fourier harmonics. For
the amplitudes of the waves traveling to the left and to the right, we have, respectively,
b=

1
iωJ ψ
,
2zw exp(ikJ d − iq) − 1

c=

iωJ ψ
1
,
2zw exp(−ikJ d − iq) − 1

(8)

and the equation for the high-frequency phase perturbation has the form
−(βωJ2 + iωJ )ψ(q) = −iχ + iωJ ψ(q)Y (q, ωJ ),

(9)

where Y (q, ω) is the Fourier transform of the admittance of the transmission line, which is determined by
the relation
−i sin(kd)
1
.
(10)
Y (q, ω) =
2zw cos q − cos(kd)
This formula is the Green’s function, which determines the linear response of the unperturbed line without
Josephson junctions. Vanishing of the denominator yields a dispersion relation for the eigenwaves in the
transmission line, i.e., cos(kd) = cos q. In the scheme of expanded zones, it yields just a linear dispersion
(kd = q) of a smooth two-wire line. Finally, for the Fourier amplitude of the high-frequency Josephson
phase, we have ψ(q) = G(q)χ(q), where the Green’s function G(q) is determined by the formula
G(q) =

βωJ2

i
.
+ iωJ [1 + Y (q, ωJ )]

Getting back to the coordinate representation, we ﬁnd the solution for high-frequency amplitudes

G(n − m, ωJ ) exp(−iθm ),
Ψn =

(11)

(12)

m

where the Green’s function in the coordinate representation is determined either as the integral along the
Brillouin zone for the inﬁnite system, i.e.,
π
G(n, ωJ ) =

G(q, ωJ ) exp(iqn)
−π

dq
,
2π

(13)

or as the sum of the permitted values of the momentum ql = 2πl/N for the periodic line:
N −1
1 
G(ql ) exp(iql n).
G(n) =
N

(14)

l=0

Now, having an explicit formula for high-frequency amplitudes, we can write dynamic equations for the slow
phases of the Josephson junctions:



1
G(n − m, ωJ ) exp(−iξm ) = 0.
(15)
β θ̈n + θ̇n + Re exp(iθn )
2
m
This complex system of nonlinear dynamic equations for slow Josephson phases was deduced in [11, 12],
where some of its particular solutions were also considered. The features of the electrodynamic environment
is described by the function Y (q, ω) and the function G(q, ω), which is determined by the former junction. Therefore, for an arbitrary, spatially periodic linear transmission line, the dynamics equations for the
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Josephson junctions have the form
β ϕ̈n + ϕ̇n + sin ϕn = I −



Ŷn−m ϕ̇m ,

(16)

m


where Ŷn−m is the admittance matrix, which determines the current In (t) = − m Ŷn−m Um (t) through the
junction and, thus, describes the electrodynamic inﬂuence of the mth junction on the nth one. If the system
is not spatially periodic, then the admittance matrix is merely a general matrix rather than a function of
the diﬀerence n − m. Each matrix element is the operator Ŷ acting on the time function f (t) as
t
Ŷ f (t) =

Y (t − t )f (t ) dt ,

(17)

−∞

and determines the delay interaction between the Josephson elements of the system. Thus, in the general
case, the Josephson dynamics is described by a system of complex integro-diﬀerential equations. In the
coordinate representation, the admittance Y (q) in Eq. (10) corresponds to the admittance in real space,
which is determined by the formula
1
exp(ikd |n|),
(18)
Yn = −
2zw
which has a simple physical meaning: it determines the coupling of the junctions via the wave traveling
in the line. The scale of localization of the Green’s function is found from the imaginary part of the wave
number, which is determined by the loss in the line due to radiation to free space and the true Joule loss.
In the case of an arbitrary line, the transmission-line admittance is a complicated function of the
frequency and the wave number. Moreover, in the general case of open systems, as is well known in the
antenna theory [13], the current distribution in the antenna depends on the distribution of electromotive
forces on it, which means that the matrices of mutual admittances are functionals of the phase distribution
of oscillations of the Josephson junctions. To study the dynamics of such systems, direct solution of the
Maxwell equations along with the dynamic equations for the Josephson junctions is required. This is the
subject of Sec. 4 of this paper. In the next section, we will consider the possibility of simple solutions of the
traveling-wave type in system (15) for various types of the kernel G(n − m).
3.

TRAVELING-WAVE REGIME AND ITS STABILITY

Consider system of Eq. (15). Due to the fact that the system is periodic and the Green’s function
depends only on the diﬀerence m−n, it has a solution in the traveling-wave form for the phases θn = θ0 −q1 n.
Substituting this solution into Eq. (15), we ﬁnd the equation for the phase of the zeroth (and, consequently,
any other) junction:



1
G(n − m, ωJ ) exp(−iθ0 + iq1 m) = 0.
(19)
β θ̈0 + θ̇0 + re exp(iθ0 − iq1 n)
2
m
This equation determines the stationary-state onset and the correction for the current–voltage characteristics
of the Josephson junctions. The sum in Eq. (19) can be evaluated. Then, this equation takes the form
1
(20)
β θ̈0 + θ̇0 + ReG(q1 ) = 0,
2


G(n − m) exp[−iq1 (n − m)] =
G(m) exp(−iq1 m). Hence it follows that in the steadywhere G(q1 ) =
m

m

state regime, where θ̈0 = 0, the correction to the Josephson frequency and, thus, to the current–voltage
characteristic is determined by the relation δωJ = −ReG(q1 , ωJ = I)/2. Note at once that since only θ̇0
appears in the equation, the solution for the phase is determined with accuracy up to an arbitrary constant.
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Knowing the phases of junction oscillations, we can determine the wave amplitudes at each period,
ﬁnd the distribution of the current in the line, and calculate the radiation to free space. Taking into account
that the equality
N
−1

exp[i(q1 − q)n] = exp(−iθ0 )N δq1 ,q ,
χ(q) = exp(−iθ0 )
n=0

where δq1 ,q is the Kronecker delta, is fulﬁlled in the traveling-wave regime, calculating the amplitudes of the
waves travelling to the right and to the left, and ﬁnding the current on each period, we arrive at the formula
In (x) =

iωJ G(q1 ) exp(−iθ0 + iq1 n)
2zw

exp[−ikJ (x − nd)]
exp[ikJ (x − nd)]
+
exp(ikJ d − iq1 ) − 1 exp(−ikJ d − iq1 ) − 1

.

(21)

It follows from here that the Josephson line under consideration is a one-dimensional array of identical
dipoles with length d and identical, but phase-shifted current distributions. Assuming that the transmission
line is a single-wire line, we expand the current distribution corresponding to Eq. (21) into a Fourier series
in terms of the harmonics with the spatial frequencies km = 2πm/d and ﬁnd that
I(km ) =

iωJ N G(q1 ) exp(−iθ0 )
2zw

exp[i(kJ − km )d] − 1 exp[−(kJ + km )d] − 1
+
exp(ikJ d − iq1 ) − 1
exp(−ikJ d − iq1 ) − 1

δq1 ,km d .

(22)

From here, it is seen that such an antenna array radiates coherently in the direction of the generatrix of a
cone with the opening angle α = arcsin[clight q1 /(ωJ d)], where clight is the speed of light in free space, since
the amplitude of the current harmonic is proportional to N . On the other hand, if the wave number q1 is
suﬃciently large, such that α > 1, then the radiated wave is bound to the wire, and the radiation occurs
only from the ends of the system. In our solution, the wave number of the traveling wave is a free parameter.
Therefore, the question of which of the solutions is realized, or whether this regime can be realized at all,
requires studying a nonstationary nonlinear problem with certain initial conditions.
However, the precondition for realization of the traveling-wave regime under consideration is the
regime stability with respect to small perturbations, which will be studied now.
Let us put θn = θ0 − q1 n + δθn and linearize Eq. (15) assuming that δθn  1. As a result, we obtain
N real linear equations for slow variations in the phase diﬀerences:

K(n − m) (δθn − δθm ) = 0,
(23)
β δθ̈n + δθ̇n +
m

where the kernel is determined by the formula K(n − m) = 0.5Re iG(n − m) exp[−iq1 (n − m)]. Searching
for a solution in the form δθn = δθ(q) exp(iqn − iωt), we arrive at the dispersion relation
−(βω 2 + iω) + Q(q) = 0,

(24)

where Q(q) = K(0) − K(q), while the Fourier transform of the kernel K is expressed in terms of a Fourier
transform of the kernel G by the following relationships:
i
K(q) = [G(q + q1 ) − G∗ (−q1 − q)],
4

i
K(0) = [G(q1 ) − G∗ (−q1 )].
4

(25)

Dispersion relation (24) determines the frequency ω = ω(q; q1 , ωJ ) as a function of the parameters q1 and
ωJ of the initial nonlinear solution. It is important to pay attention to the existence of the zero eigenvalue
at q = 0, which is related to the symmetry with respect to the global shift of all phases. Thus, ﬁnally, we
have the dispersion relation βω 2 + iω = Q, where
Q(q, q1 ) =
928

i
i
[G(q1 ) − G∗ (−q1 )] − [G(q + q1 ) − G∗ (−q1 − q)].
4
4

(26)

Fig. 2. Regions of stability and instability of the traveling-wave regime on the plane (q, q1 ) for ωJ d/v = 0.3π/2
(a) and ωJ d/v = 1.3π/2 (b). The wave impedance of the line is equal to zw = 4 and the loss, to ν/v = 0.01.
The horizontal lines mark the wave numbers of the stable solutions of the traveling-wave type. It is seen that
as the parameter ωJ d/v increases, the wave number of the stable traveling wave also increases.
It is easily seen that the stability region determined by the condition Imω < 0 corresponds to the inner zone
of the parabolic curve ReQ > β(ImQ)2 . However, in the special case considered here, the function G is an
even function of the wave vector (G(q) = G(−q)). Therefore, the function Q(q) is real, and the stability
condition is formulated simply as Q > 0.
To analyze the system stability, we plot a series of zero isolines on the plane (q, q1 ), which are
determined by the equation Q(q, q1 ) = 0, for diﬀerent values of the other parameters. Typical patterns of
these isolines for two values of ωJ d/v are shown in Fig. 2. The white area corresponds to the condition Q > 0
and stability of the traveling-wave regime. If there exists the straight line q1 = qs , which belongs entirely to
the white region, then the corresponding traveling-wave regime is stable. Note the evident symmetry with
respect to the replacements q → −q and q1 → −q1 , which leaves the coeﬃcient Q to be invariant. This
symmetry manifests itself in the symmetry of the pattern with respect to a turn by the angle π around the
origin of the coordinates.
The parameter Q(q, q1 = qs ) is always positive, except for two points, q = 0 and q = qmin = −2q1 ,
which indicates that the stability of the nonlinear solution is neutral, or marginal with respect to the
excitation of modes with these wave numbers. The origin of zero values of the function Q(q) is related
to the degeneracy of the nonlinear solution. The point q = 0 is related to the symmetry of the nonlinear
solution with respect to translations and corresponds to inﬁnitesimally small perturbations in the form of
a shift of the nonlinear solution as a whole (θ0 → θ0 + δθ0 ). The second point, q = qmin = −2q1 , is related
to the existence of a nonlinear solution diﬀering from the consideret one in that the propagation direction
changes, i.e., q1 → −q1 . The linear perturbations with the wave vector q = qmin = −2q1 correspond to the
possibility of excitation of this mode. Degeneracy of the nonlinear solutions is eliminated in ﬁnite systems
due to violation of translational invariance, which prohibits a mode with q = 0. One can eliminate the
degeneracy q = ±q1 by imposing suitable boundary conditions at diﬀerent ends of the system.
As the dimensionless elementary period z̃ = ωJ d/v of the line increases, the plot of the function q1 (z̃)
forms a continuous curve, which is shown qualitatively in Fig. 3.
It is important to note that the purely in-phase (q1 = 0) and purely anti-phase (q1 = π) regimes
do not have ﬁnite stability zones, except for the isolated points z = 0 and π, which apparently contradicts
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Fig. 3. Dependence of the wave number q1 of the
traveling wave in the stable regime on the elementary period z̃ = ωJ d/v. The dotted lines show the
distortion of the dependence q1 (z̃) and appearance
of purely in-phase and purely anti-phase regimes
due to inclusion of inductive short-circuits, which
make the transmission line periodic, with ﬁnite forbidden bands, even in the absence of the Josephson
junctions.

the common concepts formulated in, e.g., [11]. This apparent contradiction is explained by the fact that we consider the transmission line as a distributed object, in which
wave reﬂection is determined by the presence of the Josephson junctions only. In other words, in the absence of
Josephson junctions, there are no singled-out frequencies
in the eigenmode spectrum of the transmission line. The
dispersion relation corresponding to the zero denominator in Eq. (10) corresponds to the absence of forbidden
bands. As a result, the phases of reﬂected waves in such
a line are determined self-consistently by the phase of the
Josephson oscillations, which leads to a continuous dependence of the wave number of the traveling-wave nonlinear
solution on the dimensionless period z̃.
In [11, 12], the line period was simulated by means
of lumped elements. We will show that inclusion of such
elements as, e.g., inductive short-circuits, in the line leads
to possible stabilization of both in-phase (q1 = 0) and
anti-phase (q1 = π) regimes. Consider a line with inductive short-circuits located slightly on the left of the
joining points shown in Fig. 1 by dashed lines. In this
case, the equations for the wave traveling in the line and
the high-frequency phase oscillations take the form

zw
(bn+1 − cn+1 ) + bn+1 + cn+1 ,
−iωJ L
iωJ Ψn
= (bn+1 − cn+1 ),
bn exp(ikJ d) − cn exp(−ikJ d) −
zw
−(βωJ2 + iωJ )Ψn = −iχn + [bn exp(ikJ d) + cn exp(−ikJ d)].

bn exp(ikJ d) + cn exp(−ikJ d) =

Here, in contrast to Eq. (6), additional terms have appeared, which allow for the contribution of the inductive
short-circuit, and L is the self-inductance of the short-circuit. Introduction of the inductive short-circuits
makes the line periodic already in the absence of the Josephson junctions. Such additional terms do not
change the general view of the dynamic equations, and only lead to a change in the form of the admittance.
Instead of Eq. (10), we have a slightly modiﬁed formula
zw
cos(kJ d)
iωJ L
,
zw
sin(kJ d)
cos q − cos(kJ d) −
2ωj L
−i sin(kJ d) −

Y =
2zw

(27)

which transforms to that presented earlier for a suﬃciently high inductance (zw /(ωJ L) → 0). Equating the
denominator to zero, we ﬁnd the dispersion relation
cos q = cos(kJ d) +

zw
sin(kJ d),
2ωJ L

which determines the wave spectrum. In the case of a ﬁnite inductance, this is a spectrum with ﬁnite
widths of the forbidden bands, which should inﬂuence the dynamics of the system under consideration.
The plots which illustrate the inﬂuence of inductive short-circuits and the appearance of stable, purely
in-phase and anti-phase regimes are shown in Fig. 4. Figure 4a corresponds to the stable, purely in-phase
regime (q1 = 0), which is realized in the neighborhoods of the values of the period z̃ = 2πn, which are
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Fig. 4. Regions of stability and instability of the in-phase (q1 = 0) and anti-phase (q1 = π) regimes for a
ﬁnite short-circuit inductance L = 10 for two values of the parameter z̃ = ωJ d/v: z̃ = 0.2π/2 (a), which
corresponds to the stability of the in-phase regime, and z̃ = 1.95π/2 (b), which corresponds to the stability of
the anti-phase regime. The wave impedance of the line is equal to zw = 4 and the loss, to ν/v = 0.01. The
in-phase and anti-phase regimes become stable near the center and the edge of the Brillouin zone, respectively.
multiple of the wavelength in the line. Figure 4b corresponds to the stability of the purely anti-phase regime
taking place in the neighborhoods of the values of the line period z̃ = π(2n + 1), which are multiple of an
odd number of half-waves. The width of the regions in which the purely in-phase and anti-phase regimes
exist is determined by the ratio of the inductance and the wave impedance of the line. One should pay
attention to a signiﬁcant diﬀerence in the stability patterns of the purely in-phase and anti-phase regimes
from the patterns corresponding to the traveling waves shown in Fig. 2. For traveling waves, there are two
neutrally stable modes, q = 0 and q = qmin = −2q1 , and for pure regimes, only one mode with q = 0 is left.
The appearance of purely in-phase and anti-phase stable regimes is shown in Fig. 3 by dotted lines. One
can see that the pure regimes correspond to the center and the edge of the Brillouin zone. It becomes fairly
clear that the appearance of the pure in-phase and anti-phase regimes occurs due to the zonal character of
the spectrum of line eigenwaves in the absence of the Josephson junctions. These pure states are realized
near the center and the edge of the Brillouin zone, whereas the traveling-wave regime takes place in the
depth of the zone.
We now discuss the possibilities of the traveling-wave regime in a ﬁnite system with boundary conditions at the ends. The boundary impedances should specially be chosen in such a way as to ensure that the
amplitude and phase relationships between the amplitudes of the counterpropagating waves in the end sections of the periodic lines are close to the relationships in the traveling wave in an inﬁnite system. To ensure
smooth frequency tuning, one should vary the boundary conditions smoothly and consistently, which can be
achieved by using electrically controlled elements based on semiconductors or superconductors. Evidently,
this rather diﬃcult problem can be solved only in certain frequency ranges.
In order to describe the actual systems with Josephson junctions, such as inhomogeneous transmission
lines, power circuits, lumped elements, microantennas, matching elements, etc., we have developed a software
code for direct numerical simulation, which calculates self-consistently the dynamics of the electromagnetic
ﬁeld and the Josephson junctions.
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4.

SIMULATION OF JOSEPHSON ANTENNAS

We have seen in the previous sections that in order to describe the dynamics of the Josephson
junctions and merely to formulate the dynamic equations in the form of Eq. (16), one should know the
admittance matrix, which determines the coupling among the contacts. This matrix is determined by
the electrodynamic environment, and each matrix element is a complex function of the frequency, which
corresponds (in the time representation) to complex nonlocal integral operator (17). If the Josephson system
has small sizes (compared with the wavelength), then the matrix elements of the admittances are rational
frequency functions or, in other words, are determined by mutual capacitances, inductances, and resistances.
In the time representation, this corresponds to that the admittance operators can be represented by ﬁniteorder time-diﬀerential operators, and the entire dynamic system of type (16) is a system of diﬀerential
equations. If the size of the system is comparable with or exceeds the wavelength, then the delay eﬀects are
important, and Eq. (16) yields a system of nonlinear integro-diﬀerential equations. However, the situation
is even more complicated: in a certain sense, the admittance matrix in the system of type (16) is merely
undeﬁned. The thing is that in the general case of open system (which is a well-known fact in the antenna
theory [13]), the current distribution in the antenna depends on the distribution of electromotive forces along
the antenna. In turn, this means that the mutual-admittance matrices are functionals of the distribution
of oscillation phases of the Josephson junctions. In order to gain insight into these complicated issues, we
performed numerical simulation based on direct numerical solution of the Maxwell equations together with
the dynamic equations of the Josephson junctions.
To study the nonlinear dynamics of the active Josephson antennas, we have developed a software code based
on solving the Maxwell equations by the FDTD method
and on the self-consistent solution of the nonlinear equations describing the dynamics of the Josephson junctions.
It turns out to be impossible to use standard electrodynamicsimulation software suites, such as, e.g., “CST Microwave
Studio” [14], to solve the problem under consideration
because of the necessity to calculate self-consistently the
dynamics of the Josephson junctions.
An example chosen for the calculations is a Josephson system similar to the single-wire traveling-wave anFig. 5. Scheme of the simplest Josephson antenna
tenna called the Beverage antenna [10]. The simulated
in the form of a straight wire with included JosephJosephson system is a system of thin perfect conducson junctions 1–5 located on the dielectric plate A.
tors, lumped linear elements, such as capacitors, inducThe circles show and the squares show the power
tances, resistors, and sources of constant electromotive
supply batteries and the Josephson contacts, reforces, and nonlinear active elements (Josephson juncspectively. The perfect conductors are denoted by
tions). These elements are located on the surface of a
the symbol B. The used systems of coordinates is
dielectric plate and interact via the electromagnetic ﬁeld
also shown.
in the surrounding space. An example of such a system
representing an antenna in the form of a straight wire with ﬁve Josephson junctions included in it and
power circuits fed by two batteries with high internal resistances, which are located on the ﬂat surface of a
dielectric substrate, is shown in Fig. 5.
For numerical simulation of the ﬁeld dynamics, the Maxwell equations were represented by the ﬁnitediﬀerence scheme proposed for the ﬁrst time in [15]. This scheme is obtained by writing equations for the
ﬁeld components on a grid with an elementary cell in the form of a parallelepiped. The components Ex ,
Ey , and Ez of the electric ﬁeld are assumed to be speciﬁed at the corresponding edges of the elementary
cells of the grid, while the components Bx , By , and Bz , at the centers of the faces. The diﬀerential vector
operations of divergence and curl are represented as ﬂuxes through the faces and circulations along the edges
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of elementary circles, respectively. To perform the time step, we use the explicit Euler method (FDTD).
Currently, it is used for a wide range of problems, from calculation of microantennas to simulation of wave
propagation in the urban environment [16].
The modeled Josephson antenna consists of perfect conductors, which are thin compared with all
characteristic scales, so that the transverse distribution of the current in them can be regarded as homogeneous. These wires, as well as the components of the electric ﬁeld, are assumed to be concentrated on the cell
edges. The boundary condition at a perfect conductor, which corresponds to the equality of the tangential
component of the electric ﬁeld to zero, is simulated by the equality of the ﬁeld on the corresponding edge to
zero. The Josephson junction is simulated by the chosen cell edge, at which the ﬁeld dynamics is determined
by the Josephson contact equations rather than a free Maxwell equation. The dynamics of the junction is
described by a system of ordinary diﬀerential equations for the phase diﬀerence ϕ and the corresponding
component of the electric ﬁeld, e.g., Ex , on the cell edge, which contains a junction:


∂E
∂ϕ
2π
∂Ex dEx
=
Ex d,
dC
+
+ Ic sin ϕ = I,
I = S rotB − ε0
.
(28)
∂t
Φ0
∂t
R
∂t x
In this equation, Φ0 is the quantum of the magnetic-ﬁeld ﬂux, C and R are the capacitances and the intrinsic
resistance of the junction, Ic is the critical current of the junction, d and S are the length of the edge and
the area of the chosen cell of the grid, respectively, and ε0 is the electric constant. In the software, this
system is solved by the semi-implicit Crank–Nicolson method [17]. Note that any lumped element can be
modeled in a similar way: one should only replace dynamic equation (28) by the relation of the current and
voltage of the corresponding element. The power supply is also simulated by the singled-out edge of the
grid, on which the dynamics of the electric ﬁeld is described by the equations


∂E
I = S rotB − ε0
.
(29)
IRb = dEx − E,
∂t x
Here, E is the electromotive force of the source, Rb is its internal resistance, and the b subscript means the
source number. This equation is also solved using the implicit scheme.
The entire simulated circuit including the wires, Josephson junctions, power supplies, and the dielectric substrate, is surrounded with a certain free space, which is bounded on the outside by a layer of a
special artiﬁcial medium simulating reﬂectionless boundary conditions. Many diﬀerent types of such conditions are described in the literature [16]. Here, we use boundary conditions in the form of a perfectly
matched layer (PML) [18, 19]. The layer of the artiﬁcial medium is chosen to be suﬃciently thick, so as to
achieve a negligibly low reﬂection. On the external surface of this reﬂectionless layer, zero conditions are
speciﬁed for the tangential components of the electric ﬁeld. Thus, a closed mathematical model is formulated to describe the dynamics of the Josephson circuit and the surrounding ﬁeld. The 3D simulator code
described here is the development of the two-dimensional model which we proposed earlier [20].
Setting the Josephson phases of the junctions and the electric and magnetic ﬁelds on the grid at the
initial time allows us to start the calculations, which then go on continuously until the onset of the stationary
regime in each junction. Then, after reaching the stationary-oscillation regime, we calculate the time average
and Fourier amplitudes of the voltage and the currents Ib of the Josephson junctions. Knowledge of these
values allows one to ﬁnd the energy parameters such as, e.g., the power Σb Eb I¯b consumed by the microchip
−1 U 2 + Σ R I 2
from the batteries, where the sum is taken over all power supply elements, or the power Σm Rm
b b b
m
dissipated in the resistances of the junctions and the internal resistances of the batteries. Here, Rm and Um
are the resistance of the mth Josephson junction and the voltage across it, respectively. The diﬀerence in the
consumed and dissipated powers yields the total power emitted to free space. Along with the total powers,
we can calculate the consumed and dissipated powers at ﬁxed frequencies by using the Fourier transform with
respect to time. For example, the power consumed by an individual junction is equal to Pc = Re(Uω Iω∗ )/2,
the dissipated power is Pd = Re(R−1 Uω Uω∗ )/2, and their diﬀerence yields the work Ps = Re[Ic (sin ϕ)ω Uω∗ ]/2
of the supercurrent through each junction, which is spent for radiation to free space and dissipation in the
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Fig. 6. Calculated current–voltage characteristics of the Josephson junctions which excite the antenna. The
junctions are identical, and have the parameters C = 100 pF, R = 0.5 Ω, and Ic = 2.5 mA. One can discern
the regions in which the current–voltage characteristics coincide, and the regions in which the curves diﬀer
noticeably. The inset shows one of the regions in which the junction parameters are diﬀerent. One can see three
curves, which correspond to junctions 1 and 5, 2 and 4, and 3 (see Fig. 5). The current–voltage characteristics
of the junctions located symmetrically with respect to central contact 3 coincide. The coincidence of the
current–voltage characteristics indicates that the oscillation frequencies are identical, whereas the absence of
coincidence shows that there is no synchronization.
power supply elements. Here, Iω and Uω are the Fourier amplitudes of the current through and the voltage
across the corresponding junction and (sin ϕ)ω is the Fourier transform of the function sin ϕ. Slightly varying
the power-supply voltage Eb using the values of the variables at a ﬁnite time instant as the initial ones for
the new value of Eb , and multiply repeating the calculations, one can obtain the dependence of all physical
values on the power-supply voltage.
Figure 6 shows the calculated current–voltage characteristic of all ﬁve junctions. One can discern the
regions in which the current–voltage characteristics coincide and the regions in which the curves are noticeably diﬀerent. Coincidence of the current–voltage characteristics indicates that the oscillation frequencies
are identical, whereas their diﬀerence indicates the absence of synchronism.
∗ − R−1 U
∗
Figure 7 shows the total power Ps = Re[Σm (Umω Imω
mω Umω )/2] of the supercurrent as a
function of the bias voltage Eb . The quantities Umω and Imω are the Fourier amplitudes of the voltage across
and the current through the mth junction, respectively, which are calculated at the harmonic of the Josephson frequency corresponding to the maximum amplitude I1,ω of the ac current of the ﬁrst junction. Less
the minor power dissipated in the internal resistances of the batteries, which are assumed to be suﬃciently
great (200 Ω), this curve characterizes the power radiated to free space. It is seen that the simulated system
is suﬃciently narrow-band, and the radiation intensity varies signiﬁcantly with frequency. Depending on
the bias current, the regions with high radiation intensity alternate. The maximum radiation intensity was
Prad ≈ 2.4 · 10−8 W for bias currents of about 3 mA, which corresponded to a rather good coeﬃcient of
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Fig. 7. Total power Ps of the supercurrent, which
characterizes radiation to free space, as a function
of the bias voltage. Great ruggedness of the curve
on the plot is due to a strong dependence of the
electrodynamic coupling parameters and the coupling conditions on the frequency.

Fig. 8. Radiation pattern of the simulated Josephson antenna for a bias voltage of 0.34 V corresponding to the maximum power of the supercurrent shown in Fig. 7. A well-pronounced asymmetry of the radiation in the direction of the x axis
is indicative of the traveling-wave regime. The
multi-lobe character of the pattern is due to a large
(compared with the radiation wavelength) size of
the antenna.

battery-energy conversion to radiation, at a level of one percent.
To ﬁnd the angular distribution of the radiation intensity at a ﬁxed frequency, we used the standard
method of the near-to-far ﬁeld calculation [16]. This method was used in the following way. The entire
simulation period for each bias voltage was divided into three intervals. At the ﬁrst stage, we just waited
for the onset of the stationary-oscillation regime. At the second stage, which followed the ﬁrst one, the
Fourier harmonics were calculated on the basis of the recorded realization of the current through the ﬁrst
junction, and the frequency at which the current harmonic was maximum was found. At the third simulation
time interval, knowing the frequency ω, we calculated the Fourier harmonics of the tangential electric and
magnetic ﬁelds at a certain surface shaped as a parallelepiped and determined the electric and magnetic
surface currents je = [n × Hω ] and jm = −[n × Eω ], respectively, where n is the outward directed normal
to the surface. This surface enclosed the simulated circuit with the dielectric substrate and lied within the
free-space domain, without reaching the boundary of the reﬂectionless layer. Then, based on the values of
the complex amplitudes of the surface currents and the standard formulas, we calculated the far-zone ﬁelds,
the Poynting vector, and the radiation patterns. Figure 8 shows an example of the radiation pattern, which
was calculated for the bias voltage corresponding to the maximum power of the supercurrent. One can see
that the radiation pattern is extended strongly along the x axis, which is aligned with the direction of the
wire with the Josephson junctions. This indicates that the traveling-wave regime is realized.
Integration of the radiation pattern over all angles yields the total radiated power. For the pattern
shown in Fig. 8, the total radiated power turns to be equal to 2.28 · 10−8 W, which is slightly less than the
value 2.41 · 10−8 W evaluated from the work of the supercurrent (see Fig. 7).
5.

CONCLUSIONS

We have considered the possibility to realize the traveling-wave regime in the multi-junction Josephson
systems. For the simplest variants of the open Josephson lines, we have demonstrated that one can create an
eﬃcient Josephson oscillator of the terahertz and subterahertz frequency ranges on the basis of the traveling935

wave systems. The traveling wave in the line ensures identity of the electrodynamic conditions under which
the junctions operate, whereas the energy leakage to radiation in the lateral direction prevents saturation of
the nonlinearity of individual junctions with small dynamic ranges. We have developed a software code for
direct numerical simulation of Josephson microchips, such as microantennas, lumped elements, and power
circuits. Using this code, we have studied a model of the Josephson antenna, which is similar to the simplest
single-wire antenna. The possibility to realize the traveling-wave regime has been demonstrated.
This work was supported by the Russian Foundation for Basic Research (N. K. Vdovicheva and
I. A. Shereshevskii) and the Russian Science Foundation (V. V. Kurin, project No. 15–12–10020).
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